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Mathematics Specialist Unit 3, 2016, Semester One Solutions

Section One

1. (10 marks)

(@)

(b)

(c)

1 1 12
1 -116

10 1 4

11 1 2]

0 2 0 —4 R-R, v R-R v
01 0 -2]

11 1 2]

1 2 0 —4

00 0 O] R,—2R, v

0=0

There are an infinite number of solutions.

None of the planes are parallel.

There are either two or three identical planes or the three planes intersect in a
common line.

None of the planes have identical/equivalent equations so the three planes

meet in a common line. v (4)

Two of the planes are parallel. Therefore there is no intersection. v

x+y+z=2and —x—-y—-z=1 < x+y+z=-1 are parallel v (2)
11 1 6

2 1 -1 1

3 -1 -1 =2

111 2

0 1 3 11 2R —R, 3RR—R, Vv 4
10 4 4 20

111 2

0 1 3 11

01 1 5 R, +4

111 2

0 1 3 11

100 6 R, —R, v

z=3

y+9=11->y=2

X+2+3=6—>x=1

The point of intersection is (1, 2, 3) v 4)
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Solutions

2. (6 marks)

(@ f(x) =sin(jx]) vv

(b) g(x) =[+1] vv

3. (13 marks)
(@ z-z2"-4=0

Let P(z):z3—zz—4
P(2)=8-4-4=0
.z=2 so z—2isafactor ¥

2 +z+2
)77 r0a
(2’ -22%)
2+ 0z
—(22—22)
2z-4
- (2z-4)
0

z=2or z2+z+2=0 v

_ —b+~b* —4ac

zZ
2a
_14+4/1—
_1vI-8 A=—7=77
2
1+i7
z =
2
iy
z= 10 or z=2
2
vV

(4)
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(b) zszCiS(n) v
z7=-8 Vv

(c) ()

v'v' -1 per error

(2)

1 V3 -1 per error (4)
3 j_ 2
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4. (8 marks)
@ 7 (x):(xf)lc;(i)-s)
y

o1 !
s
i
s
, |
L

—— ——1— =

|
o™
|
h
|
N
|
w2
|
()
—-——-|-——-1-——-y-——nl_l————————————————————

- =O\_

4

———ee e
o
i
o

Vertical asymptotes at x=-1, x=3 v .

x interceptat x=-3 v

y interceptat y=—-1 v

General shape — maximum turning point (w/0 cutting x axis); limits as x — + «;
limits about asymptotes v -1/error 4)
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Solutions

(b)

o]

o

p—

0.5—¢ "

_—

;
N

5. (13 marks)
(a) (3@ +J5i)(2\/§ —2@').
=18+2ix/6 —6iN6 —4i> vV
=22-4i\/6 v

Im(z)

A
L/

Y

(4)

)

vv'v' -1lerror

+ Re(z)

3)
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(c)

(1-1)" = (\5 cis (-%Dm
1

(2)

3-4i ‘
(d) Re(1+2;j:Re(—l—2l)=—1
Y Y (2)
(e) () z=cis(%}:_%+§ - —__%_g L, .
. 27 2 47 1 \/5
2 _ 2m 4n)_ 1 3. .
(i) =z cz(3j 01(3] T "

END OF SECTION ONE
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Solutions

Section Two

6. (6 marks)
(a) v ):(2cos 2t )l+( sm )

r(t) I((2c0s ZI)) (—Szn ) )
r(t) (sm 2t )l+(COS )]+C v
r(n)=—j so

—j= (sin (275)) i+ (cos (n))j+ c

—j=—jt+tc =>c=0 VvV
r(t) = (sin(2t))i+ (cos(t))j
a (t) = (—4sin(2t))i+(—cos(t))j v

(b) r[%jz(sin(.%n))w(cos@ DJ 0i+0j=0 v

v(%‘j = (2cos (3m))i+ (—sin (%DJ =-2i+j v

(c) Show that 4r(t)+a(t)=3cos(t)j.

7. (20 marks)

(@) r(0)=(4cos(0))i +(3sin(0))j:£3j v

r(O*):(4cos(0+))i + <3Si”l(0+))j:(3+] v
y
T T 4
7 T
4 Js 2 I
[ ——

()
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(b)

(c)

(d)

(e)

v(t)=(—8sin(2t))i + (3cos(t))j v

v(O):3j v
y
N v(0) = 3j
T S S | . // 4
~ v

( 16cos 21) ( 3sm( ))] v

o ot
j: (4cos(x))i + (m(gnj

j —-4i +3j v

(
d

a(t)=(-16cos(2t))i + (-3sin(t))j
r(t):(4cos(2t))i + (3sin(t))j.
a(t);tkr(t) v

as —1x3=-3 but —1x4#-16 Vv

wl:: NIF]

If a(t)=0 then a(t)=(-16cos(2t))i + (-3sin(t))j=0

x:—16cos(2t)=0 and y=(—3sin(t)):0 v

2="1kn t=0,7,2m
v
T km
t=—+—
4 2
gL om i,
4474 4 .

The x and y coordinates are never zero at the same time so a(t) #0

2)
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(9) ( ):(4005( ))l + (3sin(t))j
(4cos 2t ) y:(3sin(t)) v

v = ( 2s1n ) sin(t) = %

i)

8. (10 marks)
(@) A(3,4,0), B(4,-3,0)and C(0,0,5).

| -3
v
AB=|-T7|, AC=|-4 There are alternative answers as they
0 5 can also use BC as a direction vector
and then any of the points A,B or C for
3 1 -3 .
the equation.
r(r)=|4|+s| =7 |+1] -4 v
0 0 5
(2)
(b) x*+)y’+z°=25 vV (2)
-3 4
) () r,(t)=] 5 |+t 3 v
2 -1
Hits the ground at 2—¢=0 i.e. =2 seconds Vv (2)
3 1
(i) rp(2)=|4|+t]35] ¥
2 -1
3 1 5
_ _ v
r,,au,(Z)_ 41+213.5|=11
2 -1 0
-3 4 5
rba”(z): 5 {+2| 3 |=[11 v
2 -1 0

Both Paul and the ball are at the same pointQ(S,l 1,0) at ground level

when ¢ =2, so Paul catches the ball. (3)

10
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Solutions

(ii)

9. (6 marks)

(@ (@)

(b) L:

ltcan be seenthat y=2.1f x=0=1r=1 ie. z=2 =(0,2,2)

1

2x|| 3.5 [[=2x1+12.25+1=7.55m

-1

-4
MN =| -6 v
-8
2 -4
r(t): 1 |+t| -6 v
3 -8
x=2-4 y=1-6t z=3-8¢
t:2—x tzl—_y t=3—z
4 6 8
2—-x 1- 3—z
ooy

3 -1 z=3-t

0 0 x=0
(S)= 2|145|0| = y=2

2 2 z=2+12s

v

(1)

2)

)

If z=2 then s =0 which does not contradict the xand y values and gives
(0,2,2).

Yes, the lines intersect, and do so at (0,2,2). v/

11
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Solutions

10. (9 marks)

1 2
(a) AB=| 2 |, AC=|-4 v
4 -6

Area, =—axbxsin(C) and |axb|=|al||b| sin(0
=3 (C) and |axb|=a|le] sin(0)

Area, = %|AB>< AC|

N

== -2
2 v

-8
:%\/784+4+64

Area, =14.6 units’

(b) AB:AC=|AB|:|AC|=21 : V56 =32 _ 3 : 042
v V7x8 v

) P(153,1) 0(2,0,0) v

0.5 1
PO=|-3| BC=|-6| v
-1 -2

0.5

BC=2| 3 v
-1
. 2PQ=BC
Therefore PQ is parallel to BC.

12
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11. (13 marks)

(4)

<arg(z)< % } v correct inequalities (3)

(c) (i) Given z;=x,+iy, and z, =x, +iy, showthat z z, =z xz .

Z_IXZ:(XI +13,)x(x, +1,)
=(x1—iy1)x(x2—iy2) d
= %% +1°)y, +i(_x1y2 _xzyl)

:xlx2_y1y2_i(xly2+x2yl) v

Z:(M +iyl)(x2 +iJ’2)

) . R
= XX UV, T, TG,

=XX =WV, +i(x1y2 +x2y1)

:xlxz_ylyz_i(x1y2+xzy1) v

13
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(i) z=x+iy x=? y=?
z(1+i)+z(1-i)+22=10-2i
(x+iy)(1+i)+(x—iy)(1-i)+2x+2iy =10-2i v
(x=y)+i(x+y)+(x—p)+i(-x—y)+2x+2iy=10-2i
(x y+x— y+2x)+z(x+y y— x+2y)—10 2i
(4x 2y)+1(2y)—10 2i

Im:2y=-2
y=-1
Re:4x-2y=10
4x+2=10
x‘=/2, y=\/—l
3)
12. (6 marks)
(a) a(t) -9.8j
v(t)=[-9.8jdt=—98tj+ ¢ v
v(0)= 20cos(60°) +20sin(60°) j = 10i +1033 j = ¢, =10i +10/3 j
v(1)=10i +(10\3-9.8)j v

= [10i +(1033 ~9.8¢) jdr =100 +(10431-4.9¢ ) j + ¢,

r(O)z((l)j = =)

r(t)=100i (103492 +1)j v

If 10¢6=50, t=5 and h=10/3t-4.9%+1
At t=5, h=-34.9 m
This means the ball is not in flight for five seconds so Tom could not have

kicked the ball through the window. v
(4)

h=10/3t—4.9 +1
At t=3 h=89m

The ball was still in flight so the deputy may have seenit. v/
)

14
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13. (14 marks)
@ (@) y= g(f(x)) = g(sin (x)) = (sin(x))2 v (1)

(ii)

v'v'v' Alerror

-3 2 ~1 1 2 3
—14+
(3)
iy a== vV (2)
(iv)
y
_] 4
(2)
b) () h(x)=vx
h™'(x)=x* for x>0 v must have restricted domain (1)
(i) h(x)z0 v (1)
() g(h(x))zg(x/;)zx v
Defined on [0,2n] v (2)

15
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Solutions

(d @

-2 -1 2

(i) y= |x| has no inverse because it is not a one to one function

i.e. for every x thereis nota unique y. v

14. (7 marks)
(a)

y=|x+1|—l
so x<—-2or x>0 Vv

(b) Solve |I+x]-1=|x—]

y:|1+x|—1: x for x>-1 v
—x-=2 for x<-1

x—1for x>1
y:|x—1|:

1—x for x<1
For x >1
x=x-1 No solution v

For —-1<x <1

x=1-x

2x =1

x=l v

2
For x <-1
—-Xx—-2=-x+1
-2=1 No solution v
" x:l only
2

(1)

16
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15.

16.

(4 marks)

(5 marks)

(i) (-i)=1-i  =1-i

(- =-21  =-2i

(-1 =—=2-2i =-2(1+i)

(1-i)* =—4 =—4

(1-i) =—4+4i =—-4(1-1i)

(1-1)° =8i = 4(2i)

(1-i)" =8+8i  =8(1+1i)

(1-i)f =16 =16

(1-i)’ =16-161 =16(1—1i)

(1-1)°=-32i =-32i vV (2)

(i)  Every fourth result seems to be connected.
v

Starting with n =1, then n =5, the pattern seems to be a multiple of (1-1).

Starting with n =2, then n =6, the pattern seems to be a multiple of 1.
Starting with n =3, then n =7, the pattern seems to be a multiple of 1.
Starting with n =4, then n =8, the pattern seems to be a real multiple of 4.

v’ for any one of these up to 3 marks

The coefficients are a pattern of powers of 2. v

A lot more analysis is needed, but this is sufficient for 3 marks.

END OF SECTION TWO
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